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Fig. 1. (a) SEM image of the boomerang particles fabricated 
on silicon wafer. (b) Optical microscopic image and 
schematics of the coordinate systems. (x1-x2): the lab frame 
and (X1-X2): the body frame. (c) Representative trajectories of 
5 different total lengths of time, where the red spots represent 
the positions of the CoH, and the boomerang is colored-coded 
in time. (d) An exemplary 300s trajectory for the CoH (green) 
and the CoB (blue). 
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We investigate the Brownian motion of boomerang colloidal particles confined between two glass 
plates. Our experimental observations show that the mean displacements are biased towards the center of 
hydrodynamic stress (CoH), and that the mean-square displacements exhibit a crossover from short time 
faster to long time slower diffusion with the short-time diffusion coefficients dependent on the points used 
for tracking. A model based on Langevin theory elucidates that these behaviors are ascribed to a 
superposition of two diffusive modes: the ellipsoidal motion of the CoH and the rotational motion of the 
tracking point with respect to the CoH. 
Brownian motion as a general phenomenon of the 
diffusion processes has inspired extensive research [1-
12] due to both its interesting physics and practical 
applications such as in microrheology [13-16], self-
propelled microswimmers [17] and particle and 
molecular separation [18-20]. Inspired by the diverse 
geometric shapes of biological macromolecules, 
Brenner and others have extended the hydrodynamic 
theory of Brownian motion to particles with irregular 
shapes [21-26]. A set of hydrodynamic centers are 
introduced, which include the center of hydrodynamic 
stress (CoH) where the coupling diffusion matrix 
becomes zero, the center of reaction where the 
coupling resistance matrix becomes symmetric and the 
center of diffusion where the coupling diffusion matrix 
becomes symmetric [22, 24, 27]. For screw-like or 
skewed particles, the translational and rotational 
motions are intrinsically coupled, therefore, the CoH 
does not exist and the centers of diffusion and reaction 
differ from each other. By contrast, for non-skewed 
particles, there always exists a unique point at which 
these three hydrodynamic centers coincide.  
Thus far, experimental studies of Brownian motion 
have been focused primarily on spherical particles; it 
was only recently that the Brownian motion of low-
symmetry particles was explored in experiments [5, 
28-34]. Particle shapes are critical to various 
applications such as self-propelled microswimmers and 
particle/molecular separations [17, 35]. By engineering 
particle shapes, microswimmers may be tailored to 
perform circular, spinning-top or other types of motion 
[35-37]. Understanding the hydrodynamics of chiral 
particles may lead to new avenues towards separation 
of particle or molecular enantiomers [38].  
In this letter we study the Brownian motion of 
boomerang-shaped colloidal particles under quasi two-
dimensional confinements. The boomerang particles 
with C2v mirror symmetry represent an attractive 
system for studying the Brownian motion of low 
symmetry particles because their CoM and CoH do not 
coincide and both lie outside the body.  Especially, the 
location of the CoH is unknown before the motion of 
any tracking point (TP) is analyzed. Boomerang 
particles are also an interesting model system for active 
microswimmers [37], the electro-optical properties of 
DNA molecules [39-42] and the liquid crystal ordering 
[43].  
Our experimental and theoretical studies show that 
the diffusion of the boomerangs is rather different from 
that of spheres and ellipsoids. (1) The mean 
displacements (MD) for fixed initial angle are biased 
towards the CoH, and the mean square displacements 
(MSDs) exhibit a crossover from short to long time 
diffusion with different diffusion coefficients. (2) The 
boomerangs confined in quasi-two dimensions are non-
skewed and possess a CoH where translation and 
rotation are decoupled in the body frame. (3) Our 
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Fig. 2. (a) MSDs of the CoB in the lab frame vs. t. Red line: 
the best linear fit for t < 10s; dark brown line: theoretical fit 
using Eq. 2. Inset: linear plot of MSDs vs. t. (b) MSDs of θ 
vs. t with the best linear fitting (red line). (c) MSDs for the 
CoB in the lab frame with θ0 =0. Red lines: theory curves 
with Eq. 1b. (d) MDs in the lab frame with θ0 =0. Red line: 
theory curve of Eq. 1a using Dθ and D2θ obtained from Fig. 
2b and 3e. 
model based on Langevin theory shows that the non-
zero MDs result from the Brownian orbital motion of 
the TP with respect to the CoH. (4) Two methods for 
calculating body frame displacements which give 
indistinguishable results for ellipsoids, yield drastically 
different results for boomerang particles. 
The boomerang colloidal particles made of photo-
curable polymer (SU8) were fabricated by using 
photolithography [44] and have a 2.1 µm arm length, 
0.51 µm thickness, 0.55 µm arm width and 90° apex 
angle [Fig. 1(a)]. The aqueous suspension of the 
particles, stabilized by adding sodium dodecyl sulfate, 
(SDS, 1mM) was filled in a cell of ~ 2 µm thickness. 
Videos of isolated moving boomerangs were taken 
using a CCD camera at time step τ = 0.05 s. Limited by 
the computer memory, each video contains 3000 
frames and a total of 167 videos were taken for the 
same particle. 
We developed an image processing algorithm to 
track the position and orientation of the boomerang 
particles. The cross-point between the central axes of 
the two arms represents the center of the body (CoB) 
and is a convenient point for motion tracking. The 
angle bisector gives the particle orientation θ [Fig. 
1(b)]. The precision of our optical microscope and 
tracking algorithm is determined to be ±13nm and 
±0.004 rad for position and orientation respectively. 
Trajectories obtained from all videos were merged into 
a single trajectory of ~ 5×105 frames. To merge two 
trajectories together, the particle coordinates in the 
second video are shifted and rotated such that the 
position and orientation of the first frame in the second 
video matches those of the last frame in the first video. 
Figs. 1(c-d) show representative trajectories of the CoB 
and CoH at different time scales where the coupling 
between translational and rotational motions can be 
easily observed (the method to locate the CoH will be 
discussed later). 
In Fig. 2(a), the angle averaged MSDs of the CoB 
along x1 and x2 are identical, implying that the 
Brownian motion is isotropic on average. In contrast to 
that the MSDs for ellipsoids grow linearly with time, 
the MSDs for the boomerangs exhibit linearity with 
time only in short and long times with a nonlinear 
crossover region around t = 10 s. Best linear fittings 
give the short- and long-time diffusion coefficients 
respectively as STD  = 0.082 µm2/s, LTD  = 0.057 
µm2/s. In Fig. 2(b), The rotational Brownian motion is 
linear for all times 〈[Δθ(t)]2〉 = 2Dθt, with the diffusion 
coefficient Dθ = 0.044 rad2/s.  
To discern anisotropic features in the Brownian 
motion, we measured the MSDs with the initial angle 
fixed at θ0=0. Due to its anisotropic shape, the MSDs at 
short times exhibit different diffusion coefficients 
along x1 and x2. At long times when the directional 
memory is washed out, the MSDs grow again linearly 
with t with identical slope for both x1 and x2 [Fig. 2(c)]. 
To note, the MSDs along x1 is larger than that along x2 
at long times. As a comparison, MSDs for ellipsoids 
are identical along x1 and x2 at long times [5]. 
Although the MDs for Brownian motion are 
typically zero, we find that it is not the case for the 
boomerangs. The MDs averaged over different initial 
angle θ0 are indeed zero (data not shown here). 
However, with initial angle fixed at θ0=0, the MDs 
along x1 are non-zero [Fig. 2(d)] and saturate at long 
times. Such non-zero MDs along the symmetric line 
are in sharp contrast with the zero MDs observed for 
spheres and ellipsoids.  
To understand these observations, we assume that 
the boomerangs confined in 2D possess a CoH (as will 
later be proved experimentally). The position of a TP 
on the symmetric line can be expressed as: 
21 )()()()( xxxx ˆtsinrˆtcosrtt
CoH θθ −−= , where r is 
the vector linking the CoH to the TP. When the CoB is 
used as the TP, we denote the CoB-CoH separation as 
d0. From the definition of the CoH, the descriptions of 
the Brownian motion of the CoH requires only one 
rotation diffusion coefficient Dθ and two translation 
diffusion coefficients CoHD22  and 
CoHD11 , and therefore the 
Langevin equations for the CoH are actually the same 
as those for an ellipsoid. As shown in the 
supplementary material [45], the MDs and MSDs of 
the TP for fixed initial angle θ0 can be written as: 
 )()( 10
tratxΔ ii τθ =                         (1a) 
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Fig. 3. (a-b) MDs vs. t in the CBF (a) and DBF (b). The red 
line in (b) is the theory curve of Eq. 5a. (c-d) MSDs vs. t in 
the CBF (c) and DBF (d). In (c), the red lines are the best 
linear fittings. In (d), the dark brown curve is Eq. 5b with Dθ 
and D2θ obtained from the data in Fig. 2 and the red straight 
lines have same slopes as those in (c). (e-f) Translation-
rotation correlations vs. t in the CBF (e) and DBF (f). The red 
lines are the best linear fitting.  
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where )(1 tnDexpn θτ −−= , a1 = cosθ0, a2 = sinθ0, b1 = -
1, b2 = 1, 2)( 2211 /DDD CoHCoH
CoH
+= , CoHCoH DDD 1122 −=Δ . 
Eq. 1a indicates that 
01
)( θtxΔ  for the CoB saturates 
at r = d0 in the long time, or the Brownian motion is 
biased towards the CoH. These theoretical expressions 
agree well with the experimental results [Fig. (2c-d)].  
Averaging Eq. 1a and 1b over different initial 
angle θ0 leads to that the angle averaged MDs are zero 
and the angle-averaged MSDs are expressed as [45]: 
  〈[Δx1,2(t)]2〉=2 CoHD t+r2τ1(t)                  (2) 
Here the crossover time of the τ1(t) term is determined 
by the rotational diffusion coefficient, τθ = 1/(2Dθ) = 11 
s. Eq. 2 indicates that the short-time diffusion 
coefficient, 22 /DrDD CoHST θ+= , is dependent on 
the position of the TP, while the long time diffusion 
coefficient, CoHLT DD = , is independent of the TP. 
This expression fits very well the experimental data 
[Fig. 2(a)]. This crossover has been predicted by 
previous theory [25, 46] and is observed for the first 
time in experiments.  
Our model also provides a clear physical picture of 
the nonzero MDs and the crossover between short- and 
long-time diffusion. As the rotational Brownian motion 
produces random displacements of the CoB on an arc 
with the CoH as its center, the projected displacements 
are symmetric to the CoB along X2 direction, while 
biased towards the arc center (i.e, the CoH) along X1 
direction. When this Brownian orbital motion of the 
CoB covers a circle for t >>τθ, the MDs saturate and 
the Brownian motion crosses over to the long-time 
diffusion.  
To measure the other elements of the diffusion 
tensor, the translational displacements need to be 
transformed into a body frame co-moving with the 
particle. One convenient body frame has its origin 
fixed at the CoB and X1 axis coincident with the 
symmetry axis [Fig. 1(b)]. The displacements between 
consecutive body frames were obtained from those in 
the lab frame through the rotational transformation 
ΔXi(τ, tn)=Rij(θn)Δxj(τ, tn), where i, j= 1 or 2, and
 
Rij(θn) 
is the rotation transformation matrix. The body frame 
trajectories are constructed by accumulating the 
displacements, .)()( 0∑= =
n
k kini tXtX Δ  
One has two different choices of θn: θn=θ(tn) 
representing the orientation at the beginning of each 
time interval, or [θ(tn)+θ(tn+1)]/2 representing the 
average orientation during the time interval. One 
previous work shows that these two choses give 
indistinguishable results for particles of high symmetry 
like ellipsoids [5]. However, we find that the 
distinction between these two frames becomes 
important for low-symmetry particles such as the 
boomerangs. We term the first [θn = θ(tn)] as the 
discrete body frame (DBF) and the second [θn = 
[θ(tn)+θ(tn+1)]/2] as the continuous body frame (CBF) 
[45]. 
In the CBF, the measured MDs along both X1 and 
X2 directions are zero [Fig. 3(a)], and the MSDs are 
linear with time, 〈[ΔXi(t)]2〉 = 2Diit with the diffusion 
coefficients D11 = 0.049 µm2/s and D22 = 0.117 µm2/s 
[Fig. 3(c)]. In contrast, very different behaviors are 
observed in the DBF.  While the MD along X2 is zero, 
the MD along X1 is nonzero and grows linearly with 
time [Fig. 3(b)]. Accompanying this nonzero drift, the 
MSDs along X1 exhibit nonlinearity with time [Fig. 
3(d)]. Since the orientation of the DBF is reset at the 
beginning of each time step, the non-zero value of 
〈ΔX1〉 seen in the DBF is actually a manifestation of the 
non-zero MDs 〈Δx1〉 observed in the lab frame for θ0=0. 
Since the displacements of the CoB along X2 tend 
to induce rotation and vice versa, the coupled diffusion 
coefficient D2θ is nonzero. While the translational 
motion of the CoB along X1 is decoupled with rotation, 
D1θ is thus zero. Our experimental results show that the 
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Fig. 4. (a) D11 and D22 vs. d. Red and green lines are theory 
curves based on Eq. 5(b, c). (b) D1θ and D2θ vs. d. Red and 
green lines are the theory curves of D2θ = rDθ and D1θ=0 
respectively. The dashed lines indicate the CoH at d0 = 
1.16 µm. 
DBF and CBF give rise to similar results for the 
translation-rotation correlation functions [Fig. 3 (e, f)]. 
Linear fitting of these data with 〈ΔXi(t)Δθ(t)〉 = 2Diθt 
gives a negligible value for D1θ (≤ -0.002 µm.rad/s), 
and D2θ = 0.051 µm·rad/s [Fig. 3 (e, f)]. 
The differences between the CBF and DBF can be 
ascribed to the differences between the displacements 
of the vector r in these two body frames. The first and 
second moments of displacements for the TP can be 
expressed in the CBF as [45]:  
0)(Δ)(Δ 21 == tXtX                               (4a) 
t  DtDtX CoH1111
2
1 22)(Δ ==                        (4b) 
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The CBF and DBF give the same forms for the 
translation-rotation correlation functions: 〈ΔX1Δθ〉 = 0, 
and 〈ΔX2Δθ〉 =2D2θt= 2rDθt [45].  
 Based on Eq. 1a and Eq. 5a, the slopes of the 
MDs vs. time are the same at short times in the DBF 
and in the lab frame (for θ0 = 0), which agrees with the 
experiments [Fig. 2d, 3b]. Employing the DBF 
provides a physical picture consistent with the lab 
frame observations, while using the CBF averages out 
the drift term in MDs and the nonlinear components in 
MSDs and provides a convenient way to calculate 
diffusion coefficients. 
To verify the existence of the CoH, we re-
calculated the trajectories and the diffusion coefficients 
for TPs on the symmetry line which have different 
distance d from the CoB, here d=d0-r. D22 and D2θ can 
be derived from the above equations as a function of r: 
θ+= DrDD
CoH 2
2222 , and D2θ = rDθ. We see that the 
theoretical curves fit the experimental results well [Fig. 
4(a, b)]: D11 remains unchanged, D22 reaches a 
minimum at d = 1.16 µm and D2θ increases with d and 
crosses zero approximately at 1.16µm. These indicate 
that the CoH is at a distance d0=1.16 µm from the CoB, 
which agrees with d0 =D2θ/Dθ.  
With the CoH as TP, the MSDs in the lab and 
body frames all grow linearly with time and the 
translation-rotation correlation functions are zero [Fig. 
S1(a-c)]. As expected, the differences between DBF 
and CBF disappear. The averaged diffusion coefficient 
for the CoH in the lab frame, CoHD = 0.054 µm2/s, 
agrees with the long-time averaged diffusion 
coefficient of the CoB. 
It is not trivial to validate the existence of the CoH 
for the boomerangs in quasi-2D confinements since 
previous theory shows that the Brownian motion of 
bent-rods in three dimensions exhibit screw-like 
properties [25]. Experiments with 1.7 µm and 1.9 µm 
thick cells for the same or different boomerang 
particles show qualitatively similar results with 
different values of diffusion coefficients. Cell 
confinements are known to significantly affect the 
diffusion coefficients [47-49]. It is worth to further 
explore in the future how the Brownian motion of the 
boomerangs crosses over from the non-skewed 2D 
behaviors to skewed 3D behaviors when the cell 
thickness is raised.  
In conclusion, we have shown that the Brownian 
motion of the boomerang particles exhibits non-zero 
MDs for fixed initial angles, TP-dependent short-time 
and TP-independent long-time diffusion coefficients as 
results of non-overlap between the TP and its CoH. 
These results observed in boomerangs should occur in 
any non-skewed particles as long as the TP is not 
coincident with the CoH, and thus have important 
implications for studying the diffusion and transport of 
anisotropic particles. The subtle difference between the 
CBF and DBF has significant influence on proper 
calculations of diffusion coefficients. Prior theoretical 
studies have provided analytical results regarding the 
orientation distributions of bent-rods under external 
fields [39-42]; it will be interesting to study how the 
boomerangs transport under gravitational or 
electrophoretic forces. 
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Theoretical Derivations 
 
1. Displacements of the tracking point on the symmetric line of the boomerang 
 
As pointed out by Brenner and others [22, 25, 27], the center of hydrodynamic stress (CoH) 
is located on particle’s symmetric lines. Assuming that the CoH for the boomerang is located at 
( )CoHCoH x,x 21   on the bisector of the apex angle, then the position of a tracking point (TP) on the 
symmetry line is simply the sum of the CoH position vector and the vector 
21 xˆsinrxˆcosr θθ −−=r  from the CoH to the TP: 
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where θ(t) is the orientation of the particle. Therefore the motion of the TP can be described by:  
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Since the displacements of xCoH and r are not correlated, i.e., ( )[ ] ( )[ ] 0=trtx iCoHi ΔΔ , the mean 
displacements (MDs) and mean square displacements (MSDs) of the TP can be written as: 
( ) ( ) ( )trtxtx iCoHii ΔΔΔ +=                                                        (S3) 
( )[ ] ( )[ ] ( )[ ]222 trtxtx iCoHii ΔΔΔ +=                                              (S4)  
where i = 1, 2.  
 
1.1 Displacements of the CoH 
 
According to the definition of the CoH, the diffusion tensor and the resistance tensor for the 
CoH are diagonalized. Therefore, under over-damped conditions, the inertial term in the 
Langevin equation can be neglected, and the Langevin Equations for the CoH under no external 
force in the body frame can be written in 2D as: 
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where CoH
ij
ζ  is the hydrodynamic resistance tensor. The Gaussian random noise )(tiξ  is related to 
the resistance tensor through the fluctuation-dissipation theorem: 
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( )
( ) ( ) ( )'ttTk'tt
t        
CoH
ijBji
i
−=
=
δζξξ
ξ
2
0
 
 
Here i, j = 1, 2, θ. The diffusion tensor follows the generalized Einstein-Smoluchowski 
relationship: ( ) 1−= CoHijBCoHij TkD ζ . Eq. S5 can be rewritten as ( )tDTkX j
CoH
ij
B
CoH
i ξ
1
= . For 
simplification, we scale the random noise as: ( ) ( )tDTkt jCoHijBj ηξ 2= , where ηi(t) is a random 
variable with a normal Gaussian distribution, i.e. )'()'()( ; 0)( ttttt ijjii −== δδηηη .  The 
Langevin Equation can then be written separately for the translational and rotational components 
as: 
( )
( )
( )
( )⎟
⎟
⎠
⎞
⎜⎜
⎝
⎛
⎟
⎟
⎠
⎞
⎜
⎜
⎝
⎛
=⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
t
t
D
D
tX
tX
CoH
CoH
CoH
CoH
2
1
22
11
2
1
20
02
η
η


                                 (S6a) 
( ) ( )tDt θθηθ 2=                                                              (S6b) 
The equations of motion in the lab frame are obtained through a rotation transformation of the 
body frame Eq. S6a: 
( )
( )
( ) ( )
( ) ( )
( )
( )⎟
⎟
⎠
⎞
⎜⎜
⎝
⎛
⎟
⎟
⎠
⎞
⎜
⎜
⎝
⎛
⎟⎟
⎠
⎞
⎜⎜
⎝
⎛ −
=⎟
⎟
⎠
⎞
⎜
⎜
⎝
⎛
t
t
D
D
tcostsin
tsintcos
tx
tx
CoH
CoH
CoH
CoH
2
1
22
11
2
1
20
02
η
η
θθ
θθ


                 (S7) 
These Langevin equations S6-S7 are the same as those for an ellipsoidal particle whose solutions 
have been given in Ref. [5]. It can be easily seen that the MDs of the CoH for fixed initial angle 
0θ  are zero: 
( ) ( ) 0
00
21 == θ
CoH
θ
CoH tΔxtΔx                                             (S8) 
Using the results in Ref. [5], the MSDs of the CoH with fixed initial orientation 0θ  take the form: 
( )[ ] ( ) ( )
( ) ( )⎥
⎦
⎤
⎢
⎣
⎡
−+++
⎥
⎦
⎤
⎢
⎣
⎡
−−+=
−
−
tD
θ
CoHCoH
tD
θ
CoH
CoHCoH
θ
CoH
θ
θ
e
D
ΔD tDDθsin                                                 
e
D
ΔD tDDθcostΔx
4
22110
2
4
22110
22
1
1
4
1
40
        
(S9a) 
( )[ ] ( ) ( )
( ) ( )⎥
⎦
⎤
⎢
⎣
⎡
−−++
⎥
⎦
⎤
⎢
⎣
⎡
−++=
−
−
tD
θ
CoHCoH
tD
θ
CoH
CoHCoH
θ
CoH
θ
θ
e
D
ΔD tDDθsin                                                
e
D
ΔD tDDθcostΔx
4
22110
2
4
22110
22
2
1
4
1
40
         (S9b) 
where CoHCoH DDD 1122 −=Δ  
 
1.2 Displacements of vector r 
 
The displacements of r along the x1 and x2 directions can be expressed as: 
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( )[ ]tΔθθcosrθcosr(t)Δr +−= 001                                            (S10a) 
[ ])(θ)( 002 tθθsinrsinrtr ΔΔ +−=                                           (S10b) 
Given that ( )tΔθ  has a Gaussian distribution with a zero mean, it can be shown that for integer n, 
( )[ ] 0=tnΔsin θ , and ( )[ ] ( )tDnexptnΔcos θ2−=θ . The MDs of the vector r then become: 
( ) ( )tθDθ eθcosrtΔr −−= 1001                                              (S11a) 
 ( ) ( )tθDθ eθsinrtΔr −−= 1002                                              (S11b) 
The MSDs of r re derived as the following: 
( )[ ] ( )[ ] ( )[ ]tcosrtcoscosrcosrtr
θ
θΔθθΔθθθΔ ++++−= 0
2
00
2
0
22
0
2
1 212
2
 
Or                    ( )[ ] ( ) ( )tDtDtD
θ
θθθ eθsinreeθcosrtr 40
224
0
222
1 12
143
2
1
0
−−− −++−=Δ
             
(S12a) 
Similarly, 
( )[ ] ( ) ( )tDtDtD
θ
θθθ eθcosreeθsinrtΔr 40
224
0
222
2 12
143
2
1
0
−−− −++−=
            
(S12b) 
 
1.3 MD and MSD of the Tracking Point 
 
Substituting Eq. S8 and Eq. S11 (a-b) into Eq. S3 yields the MDs of the TP with fixed initial 
angle θ0: 
( ) ( )tθDθ eθcosrtΔx −−= 1001                                               (S13a) 
( ) ( )tθDθ eθsinrtΔx −−= 1002                                              (S13b) 
Substituting Eq. 9 (a-b) and Eq. S12 (a-b) into Eq. S4 yields the MSDs of the TP for fixed initial 
orientation θ0: 
( )[ ] ( ) ( )
( ) ( )   ere
D
ΔDtDθsin                                          
eere
D
ΔDtDθcostΔx
tDtD
θ
CoH
tDtDtD
θ
CoH
θ
θθ
θθθ
⎥
⎦
⎤
⎢
⎣
⎡
−+−+
+⎥
⎦
⎤
⎢
⎣
⎡
+−+−−=
−−
−−−
4
2
4
0
2
4
2
4
0
22
1
1
2
1
4
2
43
2
1
4
2
0
         
(S14a)
 
( )[ ] ( ) ( )
( ) ( )  ere
D
ΔDtDθcos                                          
eere
D
ΔDtDθsintΔx
tDtD
θ
CoH
tDtDtD
θ
CoH
θ
θθ
θθθ
⎥
⎦
⎤
⎢
⎣
⎡
−+−+
+⎥
⎦
⎤
⎢
⎣
⎡
+−+−−=
−−
−−−
4
2
4
0
2
4
2
4
0
22
2
1
2
1
4
2
43
2
1
4
2
0
         (S14b) 
where ( ) 222 /DDD CoHCoH11CoH += .  
Specifically, when the CoB is used as the TP with θ0 =0, and r represents the distance of the 
CoH from the CoB, the MDs are simplified as: 
( ) ( )tD
θ
θ
0
ertx −
=
−= 1
01
Δ                                                     (S15a) 
( ) 0
02
=
=0θ
txΔ                                                                   (S15b) 
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( )[ ] ( ) ( ) erer
D
ΔDtDtx tDtD
θ
CoH
θ
2 θθ
0
−−
=
−+−⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
+−= 121
24
2 24
2
01
Δ     (S16a) 
( )[ ] ( ) er
D
ΔDtDtx tD
θ
CoH
θ
2 θ
0
4
2
02
1
24
2 −
=
−⎟⎟
⎠
⎞
⎜⎜
⎝
⎛
++=Δ                             (S16b) 
Averaging Eq. S15 (a-b) and S16 (a-b) over different initial orientation θ0 yields the angle 
averaged MDs and MSDs in the lab frame:  
( ) ( )    tΔxtΔx 021 ==                                                     (S17) 
( )[ ] ( )[ ] ( ) ertDtΔxtΔx tDCoH θ−−+== 12 22221                                (S18) 
Eq. S18 indicates that the averaged diffusion coefficient of the CoB in the lab frame is 
θDrDD
CoHST 2
2
1
+=  for short times and CoHLT DD =  for long time.  
 
2. The Two Body Frames 
 
Since the displacements obtained from the trajectories are in the lab frame, a rotation 
transformation needs to be performed to determine the elements of the diffusion tensor. We start 
with velocities in the body frame which are related to those in the lab frame through: 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )txtcostxtsintX
txtsintxtcostX
212
211


θθ
θθ
ʹ′+ʹ′−=
ʹ′+ʹ′=
                                     
(S19) 
where ( )t'θ  is the angle used to transform the lab frame velocity (and displacements) into the 
body frame. To note, we use ( )t'θ  to distinguish it from θ(t). Using Eq. S2 yields: 
( ) ( ) ( ) ( )[ ] ( ) ( ) ( )
( ) ( ) ( ) ( )[ ] ( ) ( ) ( )tRtXtr t'tcostXtX
tRtXtr t'tsintXtX
CoHCoH
CoHCoH
2222
1111


+=−−=
+=−+=
θθ
θθ
ηαθθ
ηαθθ
                    
(S20) 
where ( )tR1  and ( )tR2  are the velocities of the vector r transformed into the body frame, 
and ( ) ( ) ( )ttDt θθθθ ηαηθ == 2  from Eq. S6b. The MDs, MSDs and cross coupling of the TP in 
the body frame are simply: 
( ) ( ) ( )tRtXtX iCoHii ΔΔΔ +=                                          (S21) 
( )[ ] ( )[ ] ( )[ ]222 tRtXtX iCoHii ΔΔΔ +=                                   (S22) 
( ) ( ) ( ) ( ) ( ) ( )ttRttXttX iCoHii θΔΔθΔΔθΔΔ +=                         (S23) 
In experiments, for the time interval between tn and tn+1, one can choose 
either ( ) ( ) ( )[ ] 21 /ttt nn ++=ʹ′ θθθ , which define a body frame noted here as the continuous body 
frame (CBF), or ( ) ( )ntt θθ =ʹ′ , which define another body frame noted here as the discrete body 
frame (DBF).  
As shown in Ref. [5], these two body frames yield the same results for ellipsoidal particles. 
Since Eqs. S6 (a-b) are the same to those for ellipsoids, we have ( ) 0=tX CoHiΔ  and 
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( )[ ] tDtX CoHiiCoHi 22 =Δ  where i = 1, 2. There is also no coupling with the rotational diffusion at 
CoH and hence ( ) ( ) 0=ttX CoHi θΔΔ . 
In the following we show theoretically that for boomerangs these two body frames yield 
different results due to different displacements of the vector r. This result implies that as long as 
the TP is not coincident with the CoH, these two body frames are different regardless of the 
particle shape.  
 
2.1. Motion of r in the Body Frame 
 
From Eq. S20, we rewrite the velocities of r in the body frame as:   
( ) ( ) ( )[ ] ( )trt'tsintR θθηαθθ  1 −=                                             (S24a) 
( ) ( ) ( )[ ] ( )trt'tcostR θθηαθθ −−=2                                                   (S24b) 
For a time step between t0 and t0+τ, the displacements of R1 and R2 are 
respectively ( ) ( ) ( )[ ] ( )'tr't''tsin'dtR
t
t
θθ
τ
ηαθθτΔ ∫ −=
+0
0
1  , ( ) ( ) ( )[ ] ( )'tr 't''tcos'dtR
t
t
θθ
τ
ηαθθτΔ ∫
+
−−=
0
0
2 . 
Due to the discretized nature of the experimental trajectories, ( )t' ʹ′θ  used in either the DBF or 
CBF is not the same as the instantaneous angle ( )tʹ′θ . For small τ,  ( ) ( )t't ʹ′−ʹ′ θθ  is small, and the 
MDs can be expressed as: 
( ) ( ) ( )[ ] ( )'tr't''t'dtR
t
t
θθ
τ
ηαθθτΔ ∫ −=
+0
0
1  
                                      
(S25) 
( ) ( ) 0 
0
0
2 =∫−=
+
'tr'dtR
t
t
θθ
τ
ηατΔ                                               (S26) 
the MSDs of R1 and R2 can be expressed as: 
( )[ ] ( ) ( )[ ] ( ) ( ) ( )[ ] ( )''t''t'''t''dt't't''t'dtrR
t
t
t
t
θ
τ
θ
τ
θ ηθθηθθατΔ ∫ −∫ −=
++ 0
0
0
0
222
1   ,            (S27) 
( )[ ] ( ) ( )''tr''dt'tr'dtR
t
t
t
t
θθ
τ
θθ
τ
ηαηατΔ ∫∫=
++ 0
0
0
0
2
2    ,                                   (S28) 
and the coupling with rotation for  R1 and R2 can be expressed as: 
( ) ( ) ( ) ( )[ ] ( ) ( )''t''dt't 't''t'dtrR
t
t
t
t
θ
τ
θ
τ
θ ηηθθατθτ ∫∫
++
−=ΔΔ
0
0
0
0
22
1   ,                    (S29) 
( ) ( ) ( ) ( )''t ''dt'tr 'dtR
t
t
t
t
θθ
τ
θθ
τ
ηαηατθτ ∫∫
++
=ΔΔ
0
0
0
0
2                                  (S30) 
For a longer time t = nτ with n being an integer, the displacements of r in the body frame are 
obtained by accumulating the displacements in individual time steps, i.e., 
( ) ( )∑ +=
−
=
1
0
021021
n
i
,, it,Rt,tR ττΔΔ . The MDs, MSDs and the cross coupling displacements are then 
given by  
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( ) ( ) ( )τΔττΔΔ 21
1
0
02121 ,
n
i
,, Rnit,RtR =+= ∑
−
=                                           
(S31a) 
( )[ ] ( ) ( )
( )[ ] ( )[ ] ( )[ ]
( )[ ] ( ) ( )[ ] ( )[ ]τΔτΔτΔ
ττΔττΔττΔ
ττΔττΔΔ
2,12,1
22
2,1
02,102,1
1
0
2
02,1
1
0
02,1
1
0
02,1
2
2,1
,,,
,,
R RnnRn                   
jtR itRitR                   
jtRitRtR
ji
n
i
n
j
n
i
−+=
++++=
⎥⎦
⎤
⎢⎣
⎡ +⎥⎦
⎤
⎢⎣
⎡ +=
∑∑
∑∑
≠
−
=
−
=
−
=
       (S31b) 
 
( ) ( ) ( )[ ] ( ) ( ) ( )τθτττθττθ ΔΔ=⎥⎦⎤⎢⎣⎡ +Δ+Δ=ΔΔ ∑∑
−
=
−
=
21
1
0
0
1
0
02121 ,
n
j
n
i
,, Rnjt,  it,RttR                 (S31c) 
 
2.1.1. Motion of r in the Continuous Body Frame (CBF) 
 
For the time interval between t0 and t0+τ in the CBF, ( ) ( ) ( )[ ] 200 /ttt τθθθ ++=ʹ′ʹ′ . Using the 
expressions ( ) ( ) ( )∫−=
ʹ′t
t
''t''dt'tt
0
0 θθθ   and ( ) ( ) ( )∫+=+
+
ʹ′
τ
θθτθ
0
0
t
t
''t''dt'tt  , we have 
( ) ( ) ( ) ( )
⎥
⎥
⎦
⎤
⎢
⎢
⎣
⎡
∫−∫+=ʹ′
ʹ′+
ʹ′
t
t
t
t
''t''dt''t''dt't't
0
0
2
  θ
τ
θ
θ ηη
α
θθ                                 (S32) 
Substituting S32 into Eq. S25, S27 and Eq. S29 lead to: 
( ) 01 =τΔR                                                                  (S33) 
( )[ ] 021 =τΔR                                                               (S34) 
( ) ( ) 01 =tR θΔτΔ                                                            (S35) 
Based on Eq. S28 and S30, it can be shown that 
( )[ ] ττΔ θDrR 2
2
2 2=                                                       
(S36) 
( ) ( ) τθΔτΔ θrDtR 22 =                                                     (S37) 
Combining Eq. S21, S22, S23, S26, S31a, S31b, S31c, S33, S34, S35, S36 and S37 leads to 
MDs, MSDS and cross coupling displacements of the TP in the CBF: 
( ) 01 =tXΔ                                                                 (S38) 
( ) 02 =tXΔ                                                                (S39) 
( )[ ] tDtX CoH11
2
1 2=                                                         (S40) 
( )[ ] ( )t DrDtX CoH θ22222 2 +=                                              (S41) 
( ) ( ) 01 =ttX θΔ                                                           (S42) 
( ) ( ) trDttX θθΔ 22 =                                                     (S43) 
 
2.1.2. Motion of r in the Discrete Body Frame (DBF) 
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In the DBF, ( )'tθʹ′  for the time interval between t0 and t0+τ in S24 and S26 can be expressed 
as: 
( ) ( ) ( ) ( )∫−==ʹ′
't
t
''t''dt'tt't
0
0 θθθθ                                         (S44) 
Substituting Eq. S44 in Eq. S25 gives: 
( ) ( ) ( )
( )
τ
ηηατΔ
θ
τ
θθθ
rD
t''t'δdt''dt'rD
''t't''dt'dtrR
τt
t
t'
t
θ
t
t
't
t
=
∫ −∫=
∫ ∫=
+
+
                 
2                 
    
0
0 0
0
0 0
2
1
                           (S45) 
Using Eq. S44, Eq. S27 can be evaluated as: 
( ) ( ) ( ) ( ) ( )
222
0
0
00
0
0
222
1
3                 
   
τDr
''''t''''dt'''t'''dt''t''dt't'dtrR
θ
't
t
t
t
't
t
t
t
=
∫∫∫∫=
++
θηθηατΔ θ
τ
θ
τ
θ

              (S46) 
Using Eq. S44, Eq. S29 can be evaluated as: 
( ) ( ) 01 =tR θΔτΔ                                                                (S47) 
Based on Eq. S28 and S30 the MSD the cross coupling of R2 in the DBF is the same as in the 
CBF: 
( ) ττΔ θDrR 222 2=                                                           (S48) 
( ) ( ) 02 =tR θΔτΔ                                                              (S49) 
Combining Eq. S21, S22, S23, S26, S31a, S31b, S31c, S45, S46, S47, S48 and S49 leads to 
MDs, MSDS and cross coupling and of the TP in the DBF: 
( ) trDtX θΔ =1                                                             (S41) 
   ( ) 02 =tXΔ                                                               (S42) 
( )[ ] 2221121 2 tDrtDtX CoH θ+=                                               (S43) 
( )[ ] ( )t DrDtX CoH θ22222 2 +=                                               (S44) 
( ) ( ) 01 =ttX θΔ                                                          (S42) 
( ) ( ) trDttX θθΔ 22 =                                                      (S43) 
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Supporting Figure: 
 
 
 
 
Fig. S1. (a) Angle averaged MSDs for the CoH measured in the lab frame. The red 
line is the best linear fit with D CoH=0.054µm2/s. (b) MSDs of the CoH in the DBF. 
Red lines represent the best linear fitting with s/m.DCoH 211  0490 µ=  and CoHD22  = 
0.060 µm2/s. For clarity, MSDs for X2 are shifted by a factor of 2. (c) Translational 
and rotational displacement correlation functions calculated at CoH. 
